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Let f be a function defined between Banach spaces, with the property of having
closed graph. If f is ``uniformly directionally continuous,'' we will show that f is
uniformly continuous. If f is linear, then f is uniformly directionally continuous
and so, our result improves the classical Closed Graph Theorem. We also obtain
some applications of our main results. Q 1999 Academic Press
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1. INTRODUCTION
Let X, Y be real Banach spaces and let f : X “ Y be a function such
Ž . Ž .4that x, y g X = Y: y s f x is a closed subset of the product space
X = Y. Assume further that, for each fixed u g X ;
lim f x q tu s f x uniformly on x g X . 1.1Ž . Ž . Ž .
t“0
We will prove that under these conditions, f is uniformly continuous.
Ž .Notice that if f is linear then 1.1 is automatically satisfied and therefore
our result improves the classical closed graph theorem.
Actually, we will show that if f has closed graph and, for each u g X,
1
lim f x q u s f x uniformly on x g X 1.2Ž . Ž .ž /nn“‘
then f is uniformly continuous. From this it follows that if f is additive
and has a closed graph, then f is linear and continuous.
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Ž .The idea of the proof is as follows: Using 1.2 we show that
sup f x q u y f x - q‘Ž . Ž .
xgX
for each fixed u g X. Hence, we have a well-defined metric on X
5 5d u , ¤ s max u y ¤ , sup f x q u y f x q ¤Ž . Ž . Ž .½ 5
xgX
which is complete, invariant, and
1
d u , 0 as n “ q‘,ž /n
w xfor each fixed u g X. Finally, using some ideas in 2 we prove in Section
1, that d is equivalent to the norm of X.
2. EQUIVALENT METRICS
In this section, X denotes a real vector space and d, d , d denote0 1
complete invariant metrics on X.
wŽ . xPROPOSITION 2.1. Suppose that for each fixed u g X we ha¤e d 1rn u, 0
Ž .“ 0 as n “ ‘. If U is an open subset of X, d containing the origin, then
X s nU.D
ngN
Ž . Ž . Ž .Proof. Since 1rn x “ 0 in X, d , then 1rN x g U for some integer
N G 1, and the proof is complete.
PROPOSITION 2.2. Suppose that there exists l g R, l / 0 such that
Ž .  4 Ž .d l x , 0 “ 0 if x is a sequence of X such that d x , 0 “ 0. We ha¤e:n n n
Ž . Ž . y1a If A is a closed subset of X, d then the same holds for l A,
Ž .b If V : X has nonempty interior with respect to d, then the same
holds for ly1V.
Ž .  4Proof. a Let x be a sequence on A such thatn
d ly1 x , y “ 0 as n “ ‘Ž .n
for some y g X. Since d is invariant,
d ly1 x y y , 0 “ 0 as n “ ‘,Ž .n
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and, by our assumption,
d x y l y , 0 “ 0 as n “ ‘.Ž .n
Ž . Ž .That is, x “ l y in X, d and so, l y g A. The proof of a is therebyn
complete.
Ž .b Let x g V be an interior point of V with respect to d. We shall0
show that ly1 x is an interior point of ly1V with respect to d.0
 4 y1Assume on the contrary, that there exists a sequence x in X _ l Vn
y1 Ž .such that x “ l x in X, d . By the above argumentn 0
l x “ x in X , d ,Ž .n 0
and so there exists an integer N G 1 such that
l x g V if n G N.n
Thus, x g ly1V for n G N. This contradiction ends the proof.n
Ž .Remark 2.3. Given k g N and x g X, it is easy to show that d kx, 0 F
Ž .kd x, 0 . Thus, the assumption in Proposition 2.2 is automatically satisfied
if l g N.
Given x g X and r ) 0 we define0
B x , r s x g X : d x , x - r . 4Ž . Ž .i 0 i 0
Ž . ŽŽ . .PROPOSITION 2.4. Assume that i d 1rn u, 0 “ 0 as n “ ‘, for each1
u g X.
Ž . Ž . y1  4ii d l x , 0 “ 0 if l g N and x is a sequence of X such that2 n n
Ž .d x , 0 “ 0.n
Ž .Then, gi¤en e ) 0 there exists an open subset V of X, d containing the2
Ž .origin such that V ; B 0, e B denotes the closure of B with respect to d .Ž .1 2
Ž . Ž .Proof. Let us define W s B 0, er2 and U s B 0, e . By Proposition1 1
 42.1, X s D nW; n g N , and hence,
X s nW ,D
ngN
where W denotes the closure of W with respect to d . By Proposition 2.2,2
Ž .nW is a closed subset of X, d and by Baire's theorem, n W has a2 0
Ž .nonempty interior with respect to d for some n g N. From this and2 0
Remark 2.3 it follows that W has a nonempty interior with respect to d .2
Let x g W be an interior point of W with respect to d . Then 0 s yx0 2 0
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q x g W q W is a d -interior point of W q W ; U and the proof is0 2
complete.
Ž . Ž .THEOREM 25. Let us suppose, in addition to assumptions i ] ii of
Ž . 4Proposition 2.4, that the diagonal x , x g X = X : x s x is a closed1 2 1 2
subset of X = X with respect to the product metric:
d x , x , y , y s max d x , y , d x , y . 4Ž . Ž . Ž . Ž .Ž .1 2 1 2 1 1 1 2 2
Ž . Ž . ŽThen, the identity map I: X, d “ X, d is continuous that is, d is finer2 1 2
.than d .1
Proof. Let us fix r ) 0. By Proposition 2.4 there exists an open subset
Ž .V of X, d containing the origin such that2
V ; B 0, rr2 . 2.1Ž . Ž .1
As above, the bar denotes closure with respect to d . Using the2
w x Ž .argument in 2 , we shall show that V ; B 0, r . To this end, let us choose1
 4a sequence e of positive numbers such thatn
‘
e F rr2.Ý n
ns1
 4By Proposition 2.4, it follows that there exists a sequence d of positiven
numbers such that
B 0, d ; B 0, e for all n g N. 2.2Ž . Ž . Ž .2 n 1 n
Obviously, we can assume that
d “ 0 as n “ ‘. 2.3Ž .n
Ž . Ž . Ž .Let us fix z g V. By 2.1 there exists x g B 0, rr2 such that d x , z0 1 2 0
Ž . Ž .- d . Thus, d z y x , 0 - d and by 2.2 , z y x g B 0, e . Conse-Ž .1 2 0 1 0 1 1
Ž . Ž .quently, there exists x g B 0, e such that d x , z y x - d . That is,1 1 1 2 1 0 2
Ž . Ž . Ž .d z y x y x , 0 - d , and using 2.2 again we obtain x g B 0, er22 0 1 2 2 1
Ž .such that d z y x y x , x - d .2 0 1 2 3
 4 Ž .Inductively, we can construct a sequence x such that x g B 0, e forn i 1 i
Ž .i g N, x g B 0, rr2 and0 1
n
d z y x , 0 - d . 2.4Ž .Ý2 i nq1ž /
is0
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Ž . Ž .Let us write s s x q x q ??? qx . From 2.3 and 2.4n 0 1 n
s “ z as n “ q‘ in X , d .Ž .n 2
On the other hand, since d is invariant,1
nqp nqp
d s , s F d x , 0 - e ,Ž . Ž .Ý Ýnqp n i i
isnq1 isnq1
 4 Ž .and so s is a Cauchy sequence in X, d . Thus, there exists y g X suchn 1
that
s “ y as n “ ‘ in X , d .Ž .n 1
On the other hand, the diagonal of X = X is a closed subset with respect
to the product metric and hence y s z. That is,
s “ z as n “ ‘ in X , d .Ž .n 1
In particular,
n
d z , 0 s lim d s , 0 F lim d x , 0Ž . Ž . Ž .Ý1 1 n i
n“‘ n“‘ is0
‘ ‘r
s d x , 0 q d x , 0 - q e F r .Ž . Ž .Ý Ý1 0 i i2is1 is1
Ž .We have thus proved that V ; B 0, r and the proof is complete.1
Ž 5 5 . Ž 5 5 .COROLLARY 2.6. Assume that X, ? , X, ? are Banach spaces1 2
and suppose that the diagonal of X = X is closed with respect to product norm
5Ž .5 5 5 5 5 4 5 5 5 5x , x s max x , x . Then ? , ? are equi¤alent.1 2 1 21 2 1 2
3. THE CLOSED GRAPH THEOREM
As in Section 2, X denotes a real linear space and d denotes a complete
invariant metric in X. We also assume that
Ž . ŽŽ . .H d 1rn x, 0 “ 0 as n “ q‘ for each fixed x g X,1
Ž . Ž . y1  4H d l x , 0 “ 0 as n “ q‘ if l g N and x is a sequence2 n n
Ž .in X such that d x , 0 “ 0.n
Ž . Ž . Ž .PROPOSITION 3.1. Let Y, r be a metric space and let f : X, d “ Y, r
be a function such that
1
lim f x q u s f x uniformly in x g X 3.1Ž . Ž .ž /nn“‘
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for each fixed u g X. Then
sup r f x q u , f x - q‘Ž . Ž .Ž .
xgX
for each fixed u g X.
Ž .Proof. Let us fix u g X. By 3.1 there exists an integer N G 1 such
that
1
r f x q u , f x F 1 for all x g X . 3.2Ž . Ž .ž /ž /N
ŽŽ . .Now, let us fix x g X and define y s x q i y 1 rN u for i s 1, . . . , N.i
Since
N i i y 1
r f x q u , f x F r f x q u , f x q uŽ . Ž .Ž . Ý ž / ž /ž /N Nis1
N 1
s r f y q u , f y .Ž .Ý i iž /ž /Nis1
Ž . Ž Ž . Ž ..Then by 3.2 r f x q u , f x F N, and the proof is complete.
Ž . Ž .THEOREM 3.2. Let Y, r be a complete metric space and let f : X, d “
Ž . Ž .Y, r be a function with a closed graph satisfying 3.1 . Then f is uniformly
continuous.
Proof. By Proposition 3.1 we have a well-defined and invariant metric
d on X byf
d u , ¤ s max d u , ¤ , sup r f x q u , f x q ¤ .Ž . Ž . Ž . Ž .Ž .½ 5f
xgX
 4 Ž .  4Let u be a Cauchy sequence of X, d . Then u is a Cauchy sequencen f n
Ž .  Ž .4 Ž .on X, d and f x q u is a Cauchy sequence of Y, r for each x g X.n
In fact, for each e ) 0 there exists an integer N G 1 such that
r f x q u , f x q u F e if n , m G N and x g X . 3.3Ž . Ž . Ž .Ž .n m
In particular, there exists u g X such that
u “ u in X , d .Ž .n
Ž .Let us fix x g X. Since Y, r is complete, there exists y g X such that
Ž . Ž .f x q u “ y. On the other hand, x q u “ x q u in X, d and hencen n
Ž . Ž .y s f x q u , since the graph of f is closed. Letting m “ ‘ in 3.3 we
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r f x q u , f x q u F e if n G N and x g X ,Ž . Ž .Ž .n
Ž . Ž .and hence, u “ u in X, d . Thus, X, d is complete.n f f
Ž .Using 3.1 and H , it is easy to show that1
1
d u , 0 “ 0 as n “ q‘f ž /n
Žfor each fixed u g X. From this and Theorem 2.5 with d s d and2
. Žd s d it follows that d is finer than d . Note that d G d and hence,1 f f f
the diagonal of X = X is a closed subset with respect to the product
.metric d = d .f
 Ž .In particular, given e ) 0 there exists d ) 0 such that u g X : d u, 0 -
4  Ž . 4d : u g X : d u, 0 - e . This implies that,f
r f x q u , f x - e if x g X and d u , 0 - d .Ž . Ž . Ž .Ž .
Thus, f is uniformly continuous, and the proof is complete.
COROLLARY 3.3. Let Y be a real ¤ector space and let r be a complete
in¤ariant metric on Y such that
1
r y , 0 “ 0 as n “ ‘ž /n
Ž Ž . Ž .for each fixed y g Y. If A: X “ Y is an additi¤e map A x q x s A x1 2 1
Ž ..q A x whose graph is a closed subset of X = Y with respect to product2
metric d = r, then A is continuous. In particular, A is linear.
ŽŽ . .Proof. For each integer n g N and u g X we have A 1rn u s
Ž . Ž .1rn A u . From this it follows that
1 1
r A x q u , A x s r A x q u y A x , 0Ž . Ž .ž / ž /ž / ž /n n
1
s r A u , 0 “ 0 as n “ q‘Ž .ž /n
Ž .uniformly on x g X , and the proof follows from Theorem 3.2.
Ž .COROLLARY 3.4. Let Y, r be a complete metric space and let g :
Ž . Ž . y1Ž .Y, r “ X, d a bijecti¤e continuous map such that lim g x q tu st “ 0
y1Ž .g x uniformly on x g X for each fixed u g X. Then g is a homeomor-
phism.
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The following result is an improvement of the Banach]Steinhaus theo-
Ž w x.rem see 2 .
COROLLARY 3.5. Let X, Y, r be as in Theorem 3.2 and let f : X “ Y:i
4 Ž . Ž .i g I be a family of continuous functions such that lim f x q tu s f xt “ 0 i i
Ž .  4uniformly on i, x g I = X, for each fixed u g X. Then f : i g I isi
equicontinuous.
Proof. Let B denote the space of all bounded functions g : I “ Y
provided with the uniform metric
r g , g s sup r g i , g i .Ž . Ž . Ž .Ž .‘ 1 2 1 2
igI
Ž .It is well known that B, r is a complete metric space.‘
Ž .Ž . Ž .Define F: X “ B, by F x i s f x . It is easy to show that F satisfiesi
the assumptions in Theorem 3.2 and the rest of the proof follows easily.
Ž 5 5. Ž 5 5.COROLLARY 3.6. Let X, ? , Y, ? be Banach spaces and let f :
X “ Y be a function such that the limit
f x q tu y f xŽ . Ž .
D x , u [ limŽ .f tt“0
exists for each x, u g X. Assume further that:
Ž . Ž .1 D x, u is continuous in u for each fixed x g X,f
Ž .  Ž . 42 D x, u : x g X is bounded for each fixed u g X,f
Ž . Ž . Ž . Ž .3 lim D x, z q tu s D x, z , uniformly on x, z g X = X fort “ 0 f f
each fixed u g X.
Then, f is a Lipschitzian map.
 Ž . 4Proof. By Corollary 3.5 the family D x, ? : x g X is equicontinuous.f
Thus, there exists d ) 0 such that0
5 5D x , u y D x , ¤ F 1 if u y ¤ F d .Ž . Ž .f f 0
In particular,
5 5D x , u F 1 if u F d .Ž .f 0
Ž .On the other hand, D x, u is homogeneous with respect to u and hencef
5 5D x , u F M u , x , u g X , 3.4Ž . Ž .f
where M s dy1.0
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w x Ž . Ž .Let us fix x, u g X and define f : 0, 1 “ Y by f s s f x q su .
Obviously, f is differentiable and
fX s s D x q su , u .Ž . Ž .f
Ž . 5 XŽ .5 5 5From this, and 3.4 , it follows that f s F M u , and using the Mean
Value Theorem we have,
X 5 5f x q u y f x s f 1 y f 0 F sup f s F M u .Ž . Ž . Ž . Ž . Ž .
0FsF1
The proof is complete.
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